In practical engineering, uncertain failure modes can result in the system failure. To evaluate and enhance the reliability of multi-component systems, a general model is developed in this study, which considers two competing failure, the nonfatal failure and the catastrophic failure. The nonfatal failure is due to internal degradation damages from external uncertain shocks and the catastrophic failure is due to external extreme random shocks. The system is considered to be out of work in the situation that either the damage from random shocks or the total degradation exceeds the thresholds. Moreover, the uncertainty analysis theory for multi-state system is utilized to calculate the effect of uncertain shocks in the process of degradation. Two numerical examples are proposed to show the application. To demonstrate the influence of parameters on reliability, the sensitivity analysis is performed. Meanwhile, to verify the accuracy of the proposed model, the Monte Carlo Simulation is utilized here. The results of the proposed model are compared, and they accord well with the Monte Carlo Simulation.
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I. INTRODUCTION
To reduce the probability of failure, the uncertainty evaluation has been introduced in practical engineering. This method is powerful for the maintenance decisions and the evaluation of system performance. It should be note that the common failure mechanisms and causes of many units or system include wear, fatigue, corrosion, erosion, shocks and so on. For multiple failure mechanisms, the system may fail due to any one of the multiple causes [1]- [5] .
Basically, the failure modes can be summarized into two types, the nonfatal failure and the catastrophic failure. The nonfatal failure can result in an abrupt degradation damages during a shock process or a continuous smooth degradation for units. While, the catastrophic failure may happen in the situation that some extreme shock or cumulative shock damage exceeds a certain failure threshold [6] , [7] . Additionally, any one of the above failures can lead system or component to fail. No matter which of the above failure modes is implemented first, it will result in the failure of product immediately [8] , [9] . Consequently, it is important to construct stochastic or probabilistic method for the systems that suffering both nonfatal and catastrophic failure modes.
For mechanical systems or structural components, the degradation process is inevitable. If the failure data is insufficient, the analysis of degradation will be very useful for the evaluation of system reliability [10] . Many works about the degradation model have been given to illustrate the application and research on this field. To describe the degradation of system performance, Lu and Meeker [11] utilized a two-stage strategy estimating the mixed-effect path model parameters. To examine the interaction between the lifetime distribution and the degradation path function Bae et al. [12] utilized the multiplicative and additive degradation function. Based on the statistical method, Zuo et al. [13] developed three statistical approaches dealing with the degradation analysis of continuous state devices. In [14] and [15] , the Bayesian method, the maximum likelihood estimation and the least squares method are utilized to evaluation the parameters of degradation.
Shock is also one major cause of system failures. There are extensive literatures concerning shock models. Bai et al. [16] described a δ-shock and analyzed three types different shock models, which is under a generalized framework. Husler and Gut [17] assumed that not fatal but large shocks may affect the system tolerance to the following shocks. Then they proposed a generalized extreme shock model. To describe the cumulative damage, Chen et al. [18] employed a geometric process in the system reliability evaluation. Wang et al. [19] considered two shock scenarios to assess the reliability of a system, including varying time periods and fixed time period. Mallor and Santos [20] classified the shocks into two types according to the arrival time and the shock effect.
In practical engineering, shock and degradation may happen simultaneously. Klutke and Yang [21] focused on the Poisson shock and graceful degradation. Then they proposed an availability system deterioration model. For multi-state degradation system, Li and Pham [22] proposed a reliability assessment model under a random shock process, two degradation processes, and three independent failure processes. For the reliability analysis of a structural component, Van Noortwijk et al. [23] developed a time-dependent uncertainty analysis method. This method considers fluctuating load and deteriorating resistance. Huang and Askin [24] introduced a stress-strength interference model for electronic devices to deal with the uncertainty evaluation problem, which can predict the dominant failure mode. For the multiple competing risks of random shocks and degradation, Wang and Pham [25] discussed a dependent model, which is based on the copula method. Additional relevant studies about random shocks and deterioration of system were proposed [26] - [34] . However, among these researches, not only the interaction between shocking process and degradation process but also the system uncertainties analysis does not consider the multistate degradation.
In many existing reliability analysis, binary-state methods which only consider two states: perfectly functioning or completely failed are used, while it may not be the case for many systems. In some environments, it should be noted that the component may not fail completely but can degrade with the time, and there may be multiple stages of degradation [35] . Consequently, in this study, we introduced the multi-state method which considers intermediate states during degradation process [36] .
Although many valuable studies have been proposed in competing failure, challenges still exist, especially in multi-component systems with multi-state degradation to be explored. Multi-component system is a complex system which is different from single-component system. Generally, multi-component system refers to a system composed of three or more components. In this paper, we assume that a single component system and a multi-component system with multi-state degradation suffered two competing failure models: catastrophic failure and nonfatal failure. The effects from the same shock process contribute to both failure processes. Thus, the above two failure processes can be considered as dependent and competing. Meanwhile, in its external environment, each component withstands the same random shocks which follow the Poisson process. These shocks may effect on the degradation. In other words, affect the degradation process. Especially in the situation that there are serious damages involved, these damages can affect the status of system clearly. In this study, two random shock models are introduced to research the shock process. Meanwhile, we applied sensitivity analysis to demonstrate the parameter important contribution to the reliability estimation.
This study is organized as follows. Before establishing the model, some assumptions and descriptions are given in Section 2. Then the strategy for system uncertainty analysis under the catastrophic failure and nonfatal failure is introduced in Section 3 and Section 4, respectively. Two examples are implemented to shown the application of the proposed strategy in Section 5. Finally, the conclusions are given in Section 6.
II. SYSTEM ASSUMPTIONS AND DESCRIPTION
In some practical environments, most of the industrial systems and the components may be subject to a variety of failure processes. For example, airplane engine compressor blades, brake linings, and diesel engines suffer external cumulative damage and internal continuous degradation processes from uncertain shocks such as vibration etc. In this study, we proposed an approach to evaluate the safety of multi-state degradation systems. Two types of competing and dependent failure processes, the external random shocks and the internal degradation process, are considered. Also, we assume the component will fail when either of the two failure processes comes first. The relationship among shocks, system performance and degradation process can be illustrated by Fig. 1 .
The relationship between shock, degradation process and system performance.
For the uncertainty analysis modeling in this study, we consider some specific assumptions:
(2) Catastrophic failure occurs when the random shocks exceed the critical failure threshold, and it can be denoted using an extreme shock model. (3) Once the total degradation exceeded the threshold, nonfatal failure will occur. The total degradation is accumulated by both additional abrupt damage and continuous degradation due to random shocks, which is an accumulative shock model. (4) In general, the system can be considered as out of work because that some components reach their fail threshold. Either degradation is S (t) > D or random shock is D (t) > D f . (5) Assumed that random shock follows a Poisson distribution. The amount of damage follows a normal distribution.
III. MODELING FOR THE CATASTROPHIC FAILURE
In the last decades, as one of the important subjects in the uncertainty evaluation, the shock model has been studied extensively for the systems which expose to external shock. The shock process accelerates the degradation process, which causes the decrease of component life directly. Generally, random shock models can be grouped into four types [37];
(1) the run shock model, (2) the extreme shock mode, (3) the cumulative shock model, and (4) the δ-shock model. In this section, we utilized an extreme shock model to calculate the damage of uncertain shocks. Meanwhile, the uncertain shocks is assumed to follow a Poisson process {N (t) , t ≥ 0} with the rate of λ. Here, the magnitude of the j th loads at t j are termed as W j , j = 1, 2, . . . , ∞, a sequence of nonnegative and i.i.d random variables with the cumulative distribution function of F W (w).
According to the stress-strength model [38] , when the shock loads exceed the threshold for catastrophic failures D, the component of the system fails will happen. Therefore, giving the number of shocks N (t) at the time t, the probability that each component survives the applied stress can be represented as:
Then, the probability of survival becomes as the following
:
IV. MODELING FOR THE NONFATAL FAILURE
It should be noticed that degradation analysis can directly relate the reliability analysis to the physics of failure modes and mechanisms. In addition, it also offers an indirect way to estimate failure-time distributions and to predict reliability. In this study, supposing the total degradation of the component X s (t) is cumulative. And the combination of degradation and random shocks are as shown in Fig. 2 . Meanwhile, provided the continuous degradation follows the additive degradation path function, and is expressed as:
where η (t, θ) is the deterministic mean degradation path and X (t) is the uncertain variation around a mean degradation level at time t. When all degradation data are observed in the same environment, the Eq. (3) can be rewritten as:
Here, we further assume the degradation information at t i follows the normal distribution approximately. The deviation and the mean value can be denoted as: On the other hand, we treated the shock effect during degradation process as a random variable. Consequently, the multistate system uncertain method is utilized here to solve the above challenge. The degradation changes or shifts can accumulate instantaneously once a shock occurs. Therefore, we must evaluate the reliability at each shock. Without loss of generality, we treat every shock as the signal of state transmission. Also, we consider the degradation effect to the system. The state transition chart can be described as in Fig. 3 . Each component will transit from state i − 1 to i (i = 1, 2, . . . n) under the i th random shock. Moreover, the dotted line in Fig. 3 denotes the transition path from 0 state to j state (j = 1, 2, 3, . . . n) in the actual process of calculation.
To evaluate the safety of system, we must know the reliability in every state. And the shock damage sizes Y i (i = 1, 2, . . . , n) are utilized to calculate the instantaneous increases during the total degradation. And the cumulative damage size S (t) at t can be denoted by:
Therefore, the probability of being in state j (j = 1, 2, 3, . . . n) can be expressed as respectively:
Then reliability function of the component is calculated as:
Thus, the CDF of the total degradation under the i th shock is:
In general, the nonfatal failure can be defined as that when the cumulative total degradation is beyond the certain failure threshold H , the component will break down. That is to mean that if a component survive up until time t, the total degradation at time t must be less than the threshold, and the CDF of total degradation F X (x, t), can be derived as [1, 12] :
The Probability Density Function (PDF) of X s (t) in Eq. (14) can be derived as: where
and Y i are normally distributed, then P n for the specific case can be represented as:
Then the reliability function of each component for the specific case can be obtained, and it is given by:
or, equivalently, that
Finally, we can easily obtain the PDF of the time to failure, f T (t), as follow:
V. NUMERICAL EXAMPLE A. A SINGLE COMPONENT SYSTEM
In this section, the following example aims to show the model discussed before. We supposed that a single component system suffers the internal degradation. The internal degradation causes the cumulative damage to the component. Based on the data which are shown in Table 1 , with some necessary modifications, and employed the least-square method to fit these data, we can obtain the degradation process function that is X (t) ∼ N (µ(t), S(t)) = N (0.882 × e 0.039t , 8.21 × 10 −5 e 0.542t ) and the degradation threshold is
Then we introduce the random shocks into the problem, as mentioned previously, the uncertain shocks follows the Poisson process with the arrival rate λ = 1.0 × 10 −5 and λ = 5 × 10 7 , the magnitude of the shock loads are assumed follows normal distribution with W i ∼ N (0.06, 0.25) Meanwhile, the size of damage due to the random shocks is also the normal random variables, assumed with mean µ 1 = 0.04 and standard deviation σ 2 1 = 0.15, and the critical value of the shocks is D = 1.0.
According to Eq. (8), the probability for the component in state 0 is calculated as follow: Fig.4 shows the probability which the component is in state 0 as a function of time with different rate of random shocks. In the figure, the solid line represents the Poisson process with rate λ = 1.0 × 10 5 and the dotted line represents the Poisson process with rate λ = 5 × 10 7 . From the results, we can see that the probability, which is relative to the component reliability. The system probability in state 0 quickly approaches zero when time progress to 2 × 10 4 . Similarly, the probability of being in state 1, 2, 3 and 4 can be calculated as follow respectively, and the probability in state 2 and 4 versus time can be shown in Fig.5, Fig.6 . 
On the other hand, the reliability of the component which is the overall probability of every state, and can be calculated as: Meanwhile, to verify the calculation accuracy, we also applied the Monte Carlo Simulation (MCS) here. Although MCS is a time-consuming strategy, it can also avoid complicated mathematical solution process. The simulation solutions are illustrated in Fig.7 . We can conclude that the proposed mathematical model provides almost the same results compared to the one using MCS. According to Eq. (19) , the PDF f T (t) for the component can be calculated as Eq. (26), and Fig. 8 is the PDF of the failure time of component.
Finally, we applied sensitivity analysis for the degradation failure threshold value with regard to reliability estimation. The results are shown in Fig. 9 and Fig. 10 , respectively. From the results in Fig. 9 and Fig. 10 , it can be found D f can affect the failure time distribution and the reliability function. And as D f increasing from 1.8 to 2.2, R (t) and f T (t) shift to the right when t > 0.35 × 10 5 . In practical engineering, since D f depends on many factors, it is impossible to make D f large enough. 
B. A MULTI-COMPONENT SYSTEM
In many applications, the system is usually consisted of several components. Series and parallel is the typical system structures in the reliability and many complex systems can be simplified to the basic structures. In this section, we will focus on the multi-component system from [20] . In this system, each component has its own internal degradation and suffers the same random shocks, which is shown in Fig. 11 . As mentioned in [15] , the CDF of internal degradation process is:
where
The parameters of each component for the internal degradation process can be seen in the Table 2 . The external random shocks assumed following normal distribution W i ∼ N (1.0, 0.05) with the rate of λ = 0.1, and the shock damage size on the degradation are also normal random variables with W i ∼ N (0.5, 0.02), the and shocks critical value is 2.0.
According to the series-parallel structure reliability, the system reliability is given by:
The reliabilities of each component are shown in Fig 12, and the internal degradation, random shocks and the system reliability are also shown in Fig 13 respectively .
Finally, we also applied the MCS to verify the proposed method. The results are shown in Fig. 14. From this figure, we can see that the system reliability is approximate to the same as the results of MCS.
VI. CONCLUSION
In this study, we developed a generalized model for evaluating the reliability of multi-state systems with its component suffering two competing failure models: catastrophic failure and nonfatal failure. The above failure processes are dependent and competing. This model is different from the original multi-state system model. Here, the state transmission time is an uncertain variable. We also obtained the reliability of system by calculating the state probability and the states of the system. Two examples are given to show the application of the proposed model. Meanwhile, MCS is introduced as a reference method to verify the accuracy of the proposed method. Through the comparisons, we can see that proposed model results are approximate to the same as the results of MCS.
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